Rules for integrands involving inverse tangents and cotangents

1. ju ArcTan[a + b x"] dx

1: [ArcTan [a + bx“] dx

Derivation: Integration by parts

Rule:

xn

jAr‘cTan[a+bx"] dx — xAr'cTan[a+bx"] —an~
1+a2+2abx"+b%x2"

Program code:

Int[ArcTan[a_+b_.*x_"n_],x_Symbol] :=
Xx*xArcTan[a+bxx*n] -
bxnxInt [Xx*n/ (1+a”*2+2xa*bxx*n+b”2xx”" (2xn)) ,x] /;
FreeQ[{a,b,n},Xx]

Int[ArcCot[a_+b_.*x_“n_],x_Symbol] :=

xxArcCot [a+b*x*n] +

bxnxInt [Xx*n/ (1+a”*2+2xa*bxx*n+b”2xx”" (2xn)) ,x] /;
FreeQ[{a,b,n},Xx]

2. Jx’“ ArcTan[a + b x"] dx

Ar'cTan[a + bx"]
1: J— dx

X

Derivation: Algebraic expansion

Basis: ArcTan[z] == > i log[l-1i2z] -2 ilog[l+1iz]

Rule:
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J-ArcTan[a+bx"] i Log[l—ia—ibx“] i Log[1+ia+ibx"]
—le—>—J le——J dx

X 2 X 2 X

Program code:

Int[ArcTan[a_.+b_.*x_"n_]/x_,x_Symbol] :
I/2%xInt[Log[1-Ixa-Ixbxx”*n]/x,Xx] -
I/2%xInt[Log[1+Ixa+Ixbxx*n]/x,x] /;

FreeQ[{a,b,n},x]

Int[ArcCot[a_.+b_.*x_"n_]/x_,x_Symbol] :
I/2xInt[Log[1-I/ (a+b*x"n)]1/x,Xx] -
I/2+Int[Log[1+I/ (a+b*x”n)]/x,x] /;

FreeQ[{a,b,n},Xx]

2: Jx’"Ar‘cTan[a+bx"] dx when (m|n) €eQ Am+1#0 Am+1#n

Reference: G&R 2.851, CRC 456, A&S 4.4.69
Reference: G&R 2.852, CRC 458, A&S 4.4.71
Derivation: Integration by parts

Rule:lIf (m|n) e0 Am+1£0 A m+1#n,then

dx

Jx’“ ArcTan[a+bx"] dx — X" ArcTan[a + b x"] B bn J xmn

m+1 m+1J1+a2+2abx"+b?x2"

Program code:

Int[x_"m_.xArcTan[a_+b_.*x_"n_],x_Symbol] :=

X" (m+1) *ArcTan[a+b*x”n] / (m+1) -

bxn/ (m+1) *Int [X* (m+n) / (1+a”*2+2xaxbxx*n+b”2xx” (2xn) ) ,x] /;
FreeQ[{a,b},x] &% RationalQ[m,n] && m+1#0 && m+1#n
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Int[x_”~m_.+ArcCot[a_+b_.*x_"n_],x_Symbol] :=

X" (m+1) *ArcCot [a+bxx”n] / (m+1) +

bxn/ (m+1) *Int [X” (m+n) / (1+a*2+2xaxbxx*n+b"2xx” (2xn) ) ,x] /;
FreeQ[{a,b},x] && RationalQ[m,n] && m+1+#0 && m+1#n

2.JhANTmﬂa+bf““]dx

1:Jﬁmeﬂa+bf““]dx

Derivation: Algebraic expansion

Basis: ArcTan[z] = > i log[l-1i2z] -2 ilog[l+1iz]

Rule:

JArcTan[a+bf‘*dx] dx — §J-Log[1—1'1 (a+bfr?X)] ax - gjLog[lni (a+bf9X)] ax

Program code:

Int[ArcTan[a_.+b_.+f_"(c_.+d_.*x_)],x_Symbol] :
I/2+Int[Log[1-Ixa-Ixbxf~ (c+d*x)|,x] -
I/2+Int[Log[1+Ixa+Ixbxf (c+dxx)],x] /3

FreeQ[{a,b,c,d,f},x]

Int[ArcCot[a_.+b_.*f_(c_.+d_.*x_)],x_Symbol] :
I/2xInt[Log[1-1/(a+bxf (c+dxx))],x] -
I/2+Int[Log[1+1/(a+bxf~ (c+dxx))],x] /;

FreeQ[{a,b,c,d,},x]
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2: |x"ArcTan[a+ bf“‘“] dx whenmez A m>®©

Derivation: Algebraic expansion
Basis: ArcTan[z] == > i log[l-1i2z] -2 ilog[l+1iz]

Rule:lf mez A m> 0,then

Jx"‘ ArcTan[a+b 9] dx — E jx"‘ Log[1-4 (a+bf?*)] dx- EJXM Log[1+4 (a+bf!¥)] dax
2 2

Program code:

Int[x_"m_.*ArcTan[a_.+b_.»f_~(c_.+d_.*x_)],x_Symbol] :
I/2%Int[x"mxLog[1-Ixa-Ixbxf"(c+d*x)],x] -
I/2*Int[x"m*Log[1+I*a+I*b*f"(c+d*x)],x] /3

FreeQ[{a,b,c,d,f},x]| && IntegerQ[m] && m>0@

Int[x_"m_.*ArcCot[a_.+b_.»f_~(c_.+d_.*x_)],x_Symbol] :
I/2+Int[x"msLog[1-I/(a+bxf" (c+d*x))],x] -
I/2*Int[x"m*Log[1+I/(a+b*f"(c+d*x))],x] /3

FreeQ[{a,b,c,d,f},x]| && IntegerQ[m] && m>@
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(o m
3: ju Ar'cTan[ ] dx
a+bx"

Derivation: Algebraic simplification

Basis: ArcTan [z] = ArcCot | > ]

Rule:
C m a bx"qm
Ju Ar‘cTan[ ] dx — ju Ar‘cCot[—+ ] dx
a+bx" C c
Program code:
Int[u_.*ArcTan[c_./(a_.+b_.*x_"n_.)]"m_.,x_Symbol] :=
Int[uxArcCot[a/c+bxx*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},x]
Int[u_.*ArcCot[c_./(a_.+b_.*x_"n_.)]"m_.,x_Symbol] :=
Int [uxArcTan[a/c+b*xx”n/c]”m,x] /;
FreeQ[{a,b,c,n,m},x]
cX
4. ju ArcTan[—] dx when b +c2==0
Va+bx?
1: JAr‘cTan — | dx when b +c?==0
Va+bx?
Derivation: Integration by parts
Basis: If b + ¢? == 9,then o Ar‘cTan{ — } = <
’ X \/a+b x? \/a+b x2

Rule: If b + c? == @, then
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cX X
fAr‘cTan — | dx — xArcTan| —mM —cj— dx
Va+bx? Va+bx? Va+bx?

Program code:

Int[ArcTan[c_.*x_/Sqrt[a_.+b_.*x_"2]],x_Symbol] :=
x*xArcTan[ (cxx) /Sqrt[a+b*x”2]] - c*xInt[x/Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c},x] & EqQ[b+c"2,0]

Int[ArcCot[c_.*x_/Sqrt[a_.+b_.*x_"2]],x_Symbol] :=
x*xArcCot [ (cxx) /Sqrt[a+b*x”2]] + c*xInt[x/Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c},x] & EqQ[b+c"2,0]

Cc X

2. j(d x)"'Ar‘cTan[ ] dx when b + ¢? ==

Va+bx?

Ar‘cTan[ — ]
a+b x?
1: —  dx when b +c?==
X

Derivation: Integration by parts

Basis: If b + c? == ©,then o Ar‘cTan{ cX } -—- €
! ’ X \ a+b x? v a+b x2

Rule: If b + c? == @, then

Ar‘cTan[ —
a+b x? c X Log[X]
dx — ArcTan[—] Log[x] -¢ | ————
X Va+bx? Va+bx?

Program code:

Int[ArcTan[c_.*x_/Sqrt[a_.+b_.xx_%2]]/x_,x_Symbol] :=
ArcTan[cxx/Sqrt[a+bxx”2]]xLog[x] - c*xInt[Log[x]/Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c},x] &% EqQ[b+c”2,0]
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Int[ArcCot[c_.*x_/Sqrt[a_.+b_.*x_"2]]1/x_,x_Symbol] :=
ArcCot [cxx/Sqrt[a+bxx"2]]xLog[x] + cxInt[Log[x]/Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c},x] & EqQ[b+c”2,0]

cx
2: j(dx)’"Ar‘cTan[—] dx whenb+c2=0 A m#-1
Va+bx?

Derivation: Integration by parts

B .zlfb 2:: h A T { cX :|__ C
asls +C 9, then O ArcTan Nevya Jarb?

Rule:If b+ c? =20 A m+ -1, then

(d x)™?* ArcTan [ — ]

cx a+bx? c (d x) ™1
(dx)'“Ar'cTan[—] dx — - J dx
Va+bx? d(m+1) dm+1) J\aibx2

Program code:

Int[(d_.*x_)”"m_.+*ArcTan[c_.*x_/Sqrt[a_.+b_.*x_"2]],x_Symbol] :=
(d*x) ~ (m+1) *ArcTan[ (cxXx) /Sqrt[a+b*x*2]]/ (d*x (m+1)) - c/(d* (m+1) ) *Int[ (d*x)” (m+1) /Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c,d,m},x] &% EqQ[b+c”2,0] && NeQ[m,-1]

Int[(d_.*x_)"m_.+ArcCot[c_.*x_/Sqrt[a_.+b_.*x_"2]],x_Symbol] :=
(d*x) ~ (m+1) *ArcCot [ (c*x) /Sqrt[a+b*x*2]]/ (d*x (m+1)) + c/(d* (m+1))*Int[ (d*x)” (m+1) /Sqrt[a+b*xx"2],x] /;
FreeQ[{a,b,c,d,m},x] &% EqQ[b+c”2,0] && NeQ[m,-1]

m
ArcTan [ — ]
a+b x?

3. dx whenb+c?==0 Abd-ae=0

Vd+ex?

ArcTan[ — ]m

+b x?
1. J o dx whenb+c?==0
Va+bx?
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1

1:
JVa+bx2 Ar'cTan[ —

a+b x?

dx when b + c? ==

Derivation: Reciprocal rule for integration

B |fb 2::@ h A T { cX }:: C
asis: I b+ ¢ == 6, then oxArcTan| "=25a | = —=F

Rule: If b + c? == @, then

1 1 cX
dx — - Log[ArcTan[ H
Va+bx? Ar‘cTan[ — ] ¢ Ya+bx?

a+b x?

Program code:

Int[1/ (Sqrt[a_.+b_.xx_”"2]*ArcTan[c_.xx_/Sqrt[a_.+b_.*x_"2]]),x_Symbol] :
1/cxLog[ArcTan[cxx/Sqrt[a+bxx*2]]] /;
FreeQ[{a,b,c},x] & EqQ[b+c”2,0]

Int[1/(Sqrt[a_.+b_.x*x_"2]*ArcCot[c_.xx_/Sqrt[a_.+b_.*x_"2]]),x_Symbol] :
-1/cxLog[ArcCot [cxx/Sqrt[a+bxx*2]]1] /;
FreeQ[{a,b,c},x] & & EqQ[b+c”2,0]

ArcTan — ]m

a+b x?
2: dx whenb+c?2==0 A m#-1

Va+bx?

Derivation: Power rule for integration

Basis: If b + c2 == 0, then & Ar‘cTan{ cX } = <
! ' ’ X A/ a+b x2 \/a+b x?2

Rule:If b+c? =0 A m+ -1, then
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+1
ArcTan[ — ]m ArcTan[ — ]m
a+b x? a+b x?
dx —
“/a+bx2 c(m+1)

Program code:

Int[ArcTan[c_.*x_/Sqrt[a_.+b_.xx_"2]]1”m_./Sqrt[a_.+b_.*x_"2],x_Symbol] :=
ArcTan[cxx/Sqrt[a+bxx”*2] 1~ (m+1) / (cx (m+1)) /;
FreeQ[{a,b,c,m},x] && EqQ[b+c”2,0] && NeQ[m,-1]

Int[ArcCot[c_.*x_/Sqrt[a_.+b_.xx_"2]]1”m_./Sqrt[a_.+b_.*x_"2],x_Symbol] :=
-ArcCot [c*x/Sqrt[a+bxx”2]]1” (m+1) / (c* (m+1)) /;
FreeQ[{a,b,c,m},x] && EqQ[b+c”2,0] && NeQ[m,-1]

m
ArcTan £x ]
a+b x?

2: dx whenb+c?==0 A bd-ae=0

Vd+ex?

Derivation: Piecewise constant extraction

. B _ Vaibx® __
Basis:If bd - ae = @,then@xm =0

Rule:If b+c?==0 A bd-ae =0,then

Ar‘cTan[ — ]m Ar'cTan[ — ]m

a+b x? Va+bx? J 4/ a+b x?
dx — dx
Vd+ex? Vd+ex? Va+bx?

Program code:

Int[ArcTan[c_.*x_/Sqrt[a_.+b_.xx_"2]]1”m_./Sqrt[d_.+e_.*x_"2],x_Symbol] :=
Sqgrt[a+bxx”2] /Sqrt[d+exx"2] *Int [ArcTan[cxx/Sqrt[a+bxx"2]]”m/Sqrt[a+bxx"2],x] /;
FreeQ[{a,b,c,d,e,m},x] && EqQ[b+c”2,0] && EqQ[bxd-axe,0]
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Int[ArcCot[c_.*x_/Sqrt[a_.+b_.*x_"2]]1”m_./Sqrt[d_.+e_.*x_"2],x_Symbol] :=
Sgrt[a+bxx”2]/Sqrt[d+exx”*2] xInt [ArcCot [cxx/Sqrt[a+bxx"2] ] m/Sqrt[a+bx*x*2],x] /;
FreeQ[{a,b,c,d,e,m},x] &% EqQ[b+c”2,0] &% EqQ[bxd-axe,0]

5: Ju ArcTan [v +s\vi+l ] dx when s?==1

Derivation: Algebraic simplification

Basis: If s == 1,thenArcTan|z +s/z%2+1

Basis: If s == 1,thenArcCot|z +s/z%+1

4 2
Rule: If s2 == 1, then

TS 1
ju Ar‘cTan[v+ 5 \/ v+l ] dx — — J-u dx + — J.u ArcTan[v] dx
4 2

Program code:

Int[u_.*ArcTan[v_+s_.*Sqrt[w_]],x_Symbol] :=
Pixs/4xInt[u,x] + 1/2xInt[uxArcTan[v],x] /;
EqQ[s”2,1] &% EqQ[w,v~2+1]

Int[u_.*ArcCot[v_+s_.xSqrt[w_]],x_Symbol] :=
Pixs/4xInt[u,x] - 1/2xInt[uxArcTan[v],x] /;
EqQ[s”2,1] &% EqQ[w,v~2+1]

10
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&.jfu,AmeﬂaxH dx

1+ (a+bx)?

Derivation: Integration by substitution

Basis: tL2; = f[Tan[ArcTan[z]]] ArcTan’ [z]

e 2 . s’4rt _ (s+2tx)?
Basis:r+ s x + t x? = - =540 (1 - L522Ex

Basis: 1+ Tan[z]? == Sec[z]?

Rule:

f[x, ArcTan[a + bx]] 1 a Tan[x]
J dx — —Subst[ff[—— + B x] dx, X, ArcTan[a+bx]]
1+ (a+bx)?2 b b b

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_*v_"n_.,x_Symbol] :=

With[{tmp=InverseFunctionOfLinear[u,x]},

ShowStep["","Int [f[x,ArcTan[a+bxx]]/ (1+(a+bxx)~2),x]",

"Subst[Int[f[—a/b+Tan[x]/b,x],x],x,ArcTan[a+b*x]]/b",Hold[
(-Discriminant [v,x]/(4xCoefficient[v,X,2]))"n/Coefficient [tmp[[1]],X,1]+
Subst [Int[SimplifyIntegrand[SubstForInverseFunction[u,tmp,x]*Sec[x]" (2% (n+1)),x],x], x, tmp]]] /;

Not[FalseQ[tmp]] && EqQ[Head[tmp],ArcTan] & EqQ[Discriminant[v,x]+tmp[[1]]72+D[v,x]"2,0]] /;
SimplifyFlag & QuadraticQ[v,x] && ILtQ[n,@] && NegQ[Discriminant([v,x]]| && MatchQ[u,r_.xf_"w_ /; FreeQ[f,x]],

Int[u_*v_"n_.,x_Symbol] :=
With[{tmp:InverseFunctionOfLinear[u,x]},
(-Discriminant [v,x]/(4«Coefficient[v,X,2]))"n/Coefficient [tmp[[1]],X,1]+
Subst[Int[SimplifyIntegrand [SubstForInverseFunction[u,tmp,x]*Sec[x]”"(2x(n+1)),x],x], x, tmp] /;
Not[FalseQ[tmp]] && EqQ[Head[tmp],ArcTan] && EqQ[Discriminant[v,x]*tmp[[1]]A2+D[v,x]A2,0]] /5
QuadraticQ[v,x] &% ILtQ[n,@] & NegQ[Discriminant[v,x]]| && MatchQ[u,r_.»f_"w_ /; FreeQ[f,x]]]
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If [TrueQ[$LoadShowSteps],

Int[u_xv_"n_.,x_Symbol] :=

With[{tmp=InverseFunctionOfLinear[u,x]},

ShowStep["","Int [f[x,ArcCot[a+bxx]]/ (1+(a+bxx)~2),x]",

"-Subst [Int[f[-a/b+Cot[x]/b,x],X],X,ArcCot[a+bxx]]/b",Hold|
- (-Discriminant[v,x]/(4«Coefficient[v,X,2]))"n/Coefficient [tmp[[1]],X,1]+
Subst[Int[SimplifyIntegrand [SubstForInverseFunction[u,tmp,x]*Csc[x]~ (2% (n+1)),x],x], x, tmp]]] /;

Not [FalseQ[tmp]] && EqQ[Head[tmp],ArcCot] & EqQ[Discriminant[v,x]+tmp[[1]]72+D[v,x]"2,0]] /;

SimplifyFlag & QuadraticQ[v,x] && ILtQ[n,@] &% NegQ[Discriminant[v,x]]| && MatchQ[u,r_.xf_"w_ /; FreeQ[f,x]],

Int[u_=*v_"n_.,x_Symbol] :=
With[{tmp=InverseFunctionOfLinear[u,x]},
- (-Discriminant[v,x]/ (4+Coefficient[v,x,2]))"n/Coefficient [tmp[[1]],X,1]+
Subst [Int[SimplifyIntegrand [SubstForInverseFunction[u,tmp,x]+Csc[x]”"(2x(n+1)),x]|,x], x, tmp] /;
Not [FalseQ[tmp]] && EqQ[Head[tmp],ArcCot] & EqQ[Discriminant[v,x]+tmp[[1]]72+D[v,x]"2,0]] /;
QuadraticQ[v,x] && ILtQ[n,@] & NegQ[Discriminant[v,x]] && MatchQ[u,r_.+f_"w_ /; FreeQ[f,x]]]

12
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7. Ju ArcTan[c +d Tan[a + bx]] dx

1. [ArcTan[c+dTan[a+bx]] dx

1: |ArcTan[c+dTan[a+bx]] dx when (c+id)2=-1

Derivation: Integration by parts

Basis: If (¢ + 1d)? == -1, then s,ArcTan[c+dTan[a+bx]] =

Rule: If (c + 1 d)? == -1, then

jAr‘cTan[c+dTan[a+bx]] dx — xArcTan[c+dTan[a+bx]] —ibj

Program code:

Int[ArcTan[c_.+d_.xTan[a_.+b_.*x_]],Xx_Symbol]
xxArcTan[c+d*Tan[a+bxx]] -
Ixb*Int[x/ (c+Ixd+c*xE”(2xIxa+2xIxbxx)),x] /;
FreeQ[{a,b,c,d},x] && EqQ[ (c+Ixd)"2,-1]

Int[ArcCot[c_.+d_.xTan[a_.+b_.*x_]],Xx_Symbol]
xxArcCot [c+dxTan[a+bxx]] +
IxbxInt[x/ (c+Ixd+Cc*E” (2xIxa+2xIxbxx)),x] /;
FreeQ[{a,b,c,d},x] && EQQ[ (c+Ixd)~2,-1]

Int[ArcTan[c_.+d_.xCot[a_.+b_.*x_]],Xx_Symbol]
xxArcTan[c+dxCot [a+bxx]] -
IxbxInt[x/ (c-Ixd-c*E” (2xIxa+2xIxbxx)),x] /;
FreeQ[{a,b,c,d},x] && EQQ[ (c-Ixd)~2,-1]

Int[ArcCot[c_.+d_.xCot[a_.+b_.*x_]],Xx_Symbol]
xxArcCot [c+dxCot [a+bxXx]] +
IxbxInt[x/ (c-Ixd-c*E” (2xIxa+2xIxbxx)),x] /;
FreeQ[{a,b,c,d},x] && EqQ[ (c-Ixd)”"2,-1]

13
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2: [ArcTan[c+dTan[a+bx]] dx when (c+id)?#-1

Derivation: Integration by parts

b (1+i c+d) e?#3+21bx b (1-i c-d) e?#3+21bx

Basis: a,ArcTan[c +d Tan[a+ b x]] == " TR crds (Ldcod) @2102E0

1+i c-d+ (1+1 c+d) @2i2+2ibx

Rule: If (c +1d)? # -1, then

J‘Ar'cTan[c +dTan[a+bx]] dx —

2ia+2ibx xe2i3+21'1bx

Xe

d1X+b(1—J'1C—d)J

xArcTan[c+dTan[a+bx]]—b(1+:‘1c+d)J - -
l1+ic-d+ 1_ic+d+(1_ic_d)621a+21bx

(1+:|'1.C+d) eZ]’La+2bex

Program code:

Int[ArcTan[c_.+d_.xTan[a_.+b_.*x_]],x_Symbol] :=
xxArcTan[c+dxTan[a+bxx]] -
b* (1+Ixc+d) *Int [X*E” (2xI%xa+2+Ixbxx) / (1+Ixc-d+ (1+Ixc+d) *E* (2xIxa+2xIxbxx)),x] +
bx (1-Ixc-d) *Int [X*E” (2xI*xa+2xIxbxx) / (1-Ixc+d+ (1-Ixc-d) *E* (2xIxa+2xIxbxx)),x] /;

FreeQ[{a,b,c,d},x] && NeQ[ (c+Ixd)"2,-1]

Int[ArcCot[c_.+d_.xTan[a_.+b_.*x_]],x_Symbol] :=
xxArcCot [c+dxTan[a+bxx]] +
b* (1+Ixc+d) *Int [X*E” (2xI*xa+2xIxbxx) / (1+Ixc-d+ (1+Ixc+d) xE* (2xIxa+2xIxbxx)),x] -
bx (1-Ixc-d) *Int [X*E” (2%Ixa+2xIxbxX) / (1-Ixc+d+ (1-Ixc-d) xE” (2xI*xa+2xIxbxx)),x] /;

FreeQ[{a,b,c,d},x] && NeQ[ (c+Ixd)"2,-1]

Int[ArcTan[c_.+d_.xCot[a_.+b_.*x_]],x_Symbol] :=
xxArcTan[c+dxCot [a+bxx]] +
bx (1+Ixc-d) *xInt [X*E” (2%Ixa+2xIxbxX) / (1+Ixc+d- (1+Ixc-d) *E” (2xI*xa+2xIxbxx)),x] -
bx (1-Ixc+d) *Int [X*E” (2%Ixa+2%IxbxXx) / (1-Ixc-d- (1-Ixc+d) *E” (2xIxa+2xIxbxx)),x] /;

FreeQ[{a,b,c,d},x] && NeQ[ (c+Ixd)”"2,-1]

dx

14
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Int[ArcCot[c_.+d_.xCot[a_.+b_.*x_]],x_Symbol] :=
xxArcCot [c+dxCot[a+bxXx]] -
bx (1+Ixc-d) *xInt [X*E” (2%Ixa+2xIxbxX) / (1+Ixc+d- (1+Ixc-d) *E” (2xIxa+2xIxbxx)),x] +
bx (1-Ixc+d) *Int [X*E” (2%Ixa+2*IxbxXx) / (1-Ixc-d- (1-Ixc+d) *E” (2xIxa+2xIxbxx)),x] /;
FreeQ[{a,b,c,d},x] && NeQ[ (c-Ixd)”"2,-1]

2, J(e+fx)mAr‘cTan[c+dTan[a+bx]] dx when me z*

1: J(e+fx)mAr‘cTan[c+dTan[a+bx]] dx whenmez* A (c+id)2=-1

Derivation: Integration by parts

Basis: If (c + 1.d) 2 - -1, then s,ArcTan[c +dTan[a+bx]] == —22

c+idec @2 (a+0X)
Rule:ifme z* A (c+1d)?=-1,then

(e+-Fx)"'+1 ArcTan[c +dTan[a + bx]]

ib

(e+fx

)m+1

J(e+fx)'"Ar‘cTan[c+dTan[a+bx]] dx —
f (m+1)

Program code:

Int[(e_.+f_.#x_)~m_.xArcTan[c_.+d_.*Tan[a_.+b_.xx_]],x_Symbol] :=
(e+Ffxx) " (m+1) xArcTan [c+d«Tan [a+bxx]]/(f* (m+1)) -
Ixb/(fx (m+1) ) +Int[ (e+fex)” (m+l) /(c+Ixd+C+EN (24Ixa+2+Ixbxx)),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c+Ixd)~2,-1]

Int[(e_.+f_.#x_)~m_.+ArcCot[c_.+d_.xTan[a_.+b_.*x_]],x_Symbol] :=
(e+f*x) A (m+1) *ArcCot [c+dxTan[a+bxx] ]/('F* (m+1) ) +
Ixb/(fx (m+1) ) +Int[ (e+fax)” (m+l) /(c+Ixd+C+EN (2+Ixa+2+Ixbxx)),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c+Ixd)~2,-1]

Int[(e_.+f_.#x_)~m_.*ArcTan[c_.+d_.xCot[a_.+b_.*x_]],x_Symbol] :=
(e+Ffxx)~ (m+1) *ArcTan [c+dxCot [a+bxx]]/(f* (m+1)) -
I*b/('F* (m+1) ) *Int[ (e+'F*X) A (m+1)/(c—I*d—c*E" (2%Ixa+2xIxbxx)) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c-Ixd)~2,-1]

_-F(m+1)

J

c+id+ce

2ia+2ibx

dx
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Rules for integrands involving inverse tangents and cotangents

Int[(e_.+f_.#x_)~m_.+ArcCot[c_.+d_.xCot[a_.+b_.*x_]1,x_Symbol] :=
(e+f*x) A (m+1) *ArcCot [c+dxCot [a+bxX] ]/(f* (m+1) ) +
Ixb/(fx (m+1) ) +Int[ (e+fax)”(m+l) /(c-Ixd-c+E (2+Ixa+2+Ixbxx)),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[(c-Ixd)~2,-1]

2: J(e+fx)'"Ar‘cTan[c+dTan[a+bx]] dx whenmez* A (c+1id)?#-1

Derivation: Integration by parts

. . . 2ia+2ibx i 2ia+2ibx
Basis: a,ArcTan[c+d Tan[a + bx]] = b (1vi cvd) @242240% b (1-dicod) e2t22ibx
1+i c-d+ (1+1 c+d) @222+24bX 15 cyd+ (1-14 c-d) e2Bar2ibx

Rule:ifme z* A (c+1id)?+ -1,then

J(e+-Fx)"'Ar'cTan[c+dTan[a+bx]] dx —

- - dx +
l+ic-d+ (1+1c+d) etar2ibx f(m+1)

(e+-Fx)"'+1Ar‘cTan[c+dTan[a+bX]] b(1+1'1c+d)J~ (e+fx)'"+1e“a+“b" b(1—1‘1c—d)J~ (e+-Fx)'"+1e”a+”b"
1

f (m+1) f (m+1) -ic+d+ (1-1c-

Program code:

Int[(e_.+f_.#x_)"m_.*ArcTan[c_.+d_.xTan[a_.+b_.*x_]],x_Symbol] :=
(e+Ffxx)~ (m+1) xArcTan [c+d«Tan [a+bsx]]/(fx (m+1)) -
b (1+I*C+d)/(f* (m+1) ) *Int [ (e+f*x) A(m+1) *EN (2xIxa+2%xIxbxx) / (1+Ixc-d+ (1+Ixc+d) *E* (2xIxa+2xIxbxX)) ,x] +
b* (1—I*C—d)/(f* (m+1) ) *Int [ (e+‘F*X) A(m+1) *E” (2%Ixa+2xIxbxX) / (1-IxCc+d+ (1-Ixc-d) xE* (2xIxa+2xIxbxX)) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c+Ixd)~2,-1]

Int[(e_.+f_.#x_)~m_.*ArcCot[c_.+d_.xTan[a_.+b_.*x_]],x_Symbol] :=
(e+-F*x) A (m+1) *ArcCot[c+d*Tan[a+bxx] ]/('F* (m+1) ) +
b* (1+I*C+d)/(f* (m+1) ) *Int [ (e+'F*X) A(m+l) *xEN (2%xIxa+2xIxbxX) / (1+Ixc-d+ (1+Ixc+d) *E” (2xIxa+2xIxbxx)) ,X] -
b* (1-I*c—d)/(f* (m+1) ) *Int [ (e+‘F*x) A (m+1) *E” (2%xIxa+2xIxbxx) / (1-Ixc+d+ (1-Ixc-d) *E* (2xIxa+2xIxbxx)) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c+Ixd)~2,-1]

d) eZia+2ibx

dx
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Rules for integrands involving inverse tangents and cotangents

Int[(e_.+f_.#x_)~m_.+ArcTan[c_.+d_.xCot[a_.+b_.*x_]1,x_Symbol] :=
(e+f*x) A (m+1) *ArcTan[c+dxCot [a+bxX] ]/('F* (m+1) ) +
bx (1+Ixc-d) /(fx (m+1) ) +Int[ (e+Fxx) " (M+1) xEA (2xIxa+2xIxbxx) / (1+Ixc+d- (1+Ixc-d) xEN (24I4a+2+Ixbxx)),x] -
b*(1—I*c+d)/(f*(m+1))*Int[(e+f*x)A(m+1)*EA(Z*I*a+2*I*b*x)/(1—I*c—d—(1—I*c+d)*EA(Z*I*a+2*I*b*x)),x] /5

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c-Ixd)~2,-1]
Int[(e_.+f_.#x_)~m_.xArcCot[c_.+d_.*Cot[a_.+b_.xx_]],x_Symbol] :=

(e+'F*X) A (m+1) *ArcCot [c+dxCot [a+bxX] ]/('F* (m+1) ) -

bx (1+Ixc-d) /(fx (m+1) ) +Int[ (e+Fxx) " (m+1) xEA (2xIxa+2xIxbxx) / (1+Ixc+d- (1+Ixc-d) xEN (24I4a+2+Ixbxx)),x] +

b (1—I*C+d)/(‘F* (m+1) ) *Int [ (e+'F*X) A(m+1) *E” (2xIxa+2xIxbxx) / (1-Ixc-d- (1-Ixc+d) *E* (2xIxa+2xIxbxx)) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c-Ixd)~2,-1]

8. ju ArcTan[c +d Tanh[a + bx]] dx
1. ju ArcTan[Tanh[a + bx]] dx

1: |ArcTan[Tanh[a + bx]] dx

Derivation: Integration by parts

Basis: a,ArcTan [Tanh[a+bx]] == bSech[2a+2bXx]

Rule:

JAr‘cTan[Tanh [a+bx]] dx — xArcTan[Tanh[a+bXx]] -b Jx Sech[2a +2bx] dx

Program code:

Int[ArcTan[Tanh[a_.+b_.*x_]],x_Symbol] :=
xxArcTan[Tanh[a+bxx]] - bxInt[x*Sech[2xa+2xbxx],x] /;
FreeQ[{a,b},x]

Int[ArcCot[Tanh[a_.+b_.*x_]],x_Symbol] :=
xxArcCot [Tanh[a+bxx]] + bxInt[x*Sech[2xa+2xbxx],x] /;
FreeQ[{a,b},x]

17



Rules for integrands involving inverse tangents and cotangents 18

Int[ArcTan[Coth[a_.+b_.#x_]],x_Symbol] :=
xxArcTan[Coth[a+bxx]] + bxInt[x*xSech[2xa+2xbxx],x] /;

FreeQ[{a,b},x]

Int[ArcCot[Coth[a_.+b_.#x_]],x_Symbol] :=

xxArcCot [Coth[a+bxx]] - bxInt[x*xSech[2xa+2xbxx],x] /;
FreeQ[{a,b},x]

2: J(e +fx)"ArcTan[Tanh[a + bx]] dx when me z*

Derivation: Integration by parts
Basis: a,ArcTan [Tanh[a+bx]] == bSech[2a+2bXx]

Rule: If m e z*, then

(e+fx)"'+1Ar‘cTan[Tanh[a+bx]] b
J(e +fx)"ArcTan[Tanh[a +bx]] dXx —

- J(e+fx)m+15ech[2a+2bx] dx
f (m+1) f (m+1)

Program code:

Int[(e_.+f_.#x_)~m_.xArcTan[Tanh[a_.+b_.xx_]],x_Symbol] :=

(e+f*x) A (m+1) *ArcTan[Tanh [a+b*X] ]/(f* (m+1) ) - b/('F* (m+1) ) *Int [ (e+f*x) A (m+1) xSech[2xa+2xbxx] ,x] /8
FreeQ[{a,b,e,f},x]| && IGtQ[m,0]

Int[(e_.+f_.#x_)~m_.*ArcCot[Tanh[a_.+b_.*x_]],x_Symbol] :=

(e+fxx)~ (m+1) *ArcCot [Tanh[a+bsx]]/(fx (m+1)) + b/(fx (m+1))+Int[ (e+Fxx)" (m+1) xSech[2xa+2xbxx],x] /;
FreeQ[{a,b,e,f},x]| && IGtQ[m,0]

Int[(e_.+f_.#x_)~m_.*ArcTan[Coth[a_.+b_.*x_]],x_Symbol] :=

(e+fxx)~ (m+1) xArcTan [Coth[a+bsx]]/(fx (m+1)) + b/(fx (m+1))+Int[ (e+Fxx)" (m+1) xSech[2+a+2xbxx],x] /;
FreeQ[{a,b,e,f},x] && IGtQ[m,0]



Rules for integrands involving inverse tangents and cotangents

Int[(e_.+f_.#x_)~m_.+ArcCot[Coth[a_.+b_.*x_]],x_Symbol] :=
(e+f*x) A (m+1) *ArcCot [Coth[a+b*X] ]/(f* (m+1) ) - b/(‘F* (m+1) ) *Int [ (e+f*x) A (m+1) xSech[2xa+2xbxX] ,x] /3
FreeQ[{a,b,e,f},x]| && IGtQ[m,0]

2. ju ArcTan[c +d Tanh[a + bx]] dx
1. |ArcTan[c+dTanh[a +bx]] dx

1: |ArcTan[c+dTanh[a+bx]] dx when (c-d)?=-1

Derivation: Integration by parts

Basis: If (¢ —d)? == -1, then s,ArcTan[c +d Tanh[a+bx]] = —2——

c-d+c eza»sz

Rule: If (¢ - d)? == -1, then

X
jAr‘cTan[c+dTanh[a+bx]] dx — XxArcTan[c+dTanh[a +bXx]] —bj—d]x
c-d+ce2d2bx

Program code:

Int[ArcTan[c_.+d_.*Tanh[a_.+b_.*x_]1],x_Symbol] :
xxArcTan[c+dxTanh[a+bxx]] -
bxInt[x/ (c-d+c*E” (2*xa+2xbxx) ) ,x] /;
FreeQ[{a,b,c,d},x] && EqQ[ (c-d)~2,-1]

Int[ArcCot[c_.+d_.xTanh[a_.+b_.*x_]],x_Symbol] :
xxArcCot [c+dxTanh[a+bxx]] +
bxInt[x/ (c-d+c*E” (2*xa+2xbxx) ) ,x] /;
FreeQ[{a,b,c,d},x] & EqQ[ (c-d)”"2,-1]

Int[ArcTan[c_.+d_.xCoth[a_.+b_.*x_]],x_Symbol] :
xxArcTan[c+dxCoth[a+bxx]] -
bxInt [X/ (c-d-c*E” (2%a+2xbxXx)),x] /;
FreeQ[{a,b,c,d},x] && EqQQ[ (c-d)~2,-1]
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Rules for integrands involving inverse tangents and cotangents

Int[ArcCot[c_.+d_.xCoth[a_.+b_.*x_]],x_Symbol] :=
xxArcCot [c+dxCoth[a+bxXx]] +
bxInt[Xx/ (c-d-c*E” (2%a+2xbxXx)),x] /;
FreeQ[{a,b,c,d},x] && EqQ[ (c-d)~2,-1]

2: |ArcTan[c+dTanh[a+bx]] dx when (c-d)2?#-1

Derivation: Integration by parts

2a+2bx

Basis: o,ArcTan[c +d Tanh[a + bx]] = - —ibl=cd) e??®X  _ibGiscid)e

i-c+d+ (i-c-d) e23+2bx i+c-d+ (L+c+d) @2+2bx

Rule:If (c —d)? # -1, then

jArcTan[c +dTanh[a+bx]] dx —

2a+2bx XeZa+2bx

d]x—ib(i+c+d)f dx

i+c-d+ (i+c+d) @2+2bx

Xe

xArcTan[c +d Tanh[a + b x] ] +ib(i—c—d)j
i-c+d+ (i-c-d) e2+2bx

Program code:

Int[ArcTan[c_.+d_.xTanh[a_.+b_.*x_]],x_Symbol] :=
xxArcTan[c+dxTanh[a+bxx]] +
Ixb* (I-c-d) *Int[x*E~(2%xa+2xbxx) / (I-c+d+ (I-c-d) *E” (2%a+2xbxXx) ) ,x] -
Ixb* (I+c+d) *Int[Xx*E~(2%xa+2xbxx) / (I+c-d+ (I+c+d) *E” (2%a+2xbxXx) ) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[ (c-d)~2,-1]

Int[ArcCot[c_.+d_.xTanh[a_.+b_.*x_]],x_Symbol] :=
xxArcCot [c+dxTanh[a+bxx]] -
Ixbx (I-c-d) *Int[x*E” (2%a+2xbxX) / (I-c+d+ (I-c-d) *E~ (2xa+2xb*Xx) ) ,x] +
Ixbx (I+c+d) *Int [X*xE” (2%a+2xbxX) / (I+c-d+ (I+c+d) *E~ (2xa+2xbxx) ) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[ (c-d)~2,-1]

Int[ArcTan[c_.+d_.xCoth[a_.+b_.*x_]],x_Symbol] :=
xxArcTan[c+dxCoth[a+bxx]] -
Ixbx (I-c-d) *Int[x*E” (2%a+2xbxXx) / (I-c+d- (I-c-d) *E~ (2xa+2xbxx) ) ,x] +
Ixbx (I+c+d) *Int [x*E* (2%a+2xbxXx) / (I+c-d- (I+c+d) *E~ (2xa+2xbxx) ) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[ (c-d)~2,-1]



Rules for integrands involving inverse tangents and cotangents

Int[ArcCot[c_.+d_.xCoth[a_.+b_.*x_]],x_Symbol] :=
xxArcCot [c+dxCoth[a+bxXx]] +
Ixbx (I-c-d) *Int[x*E” (2%a+2xbxX) / (I-c+d- (I-c-d) *E* (2xa+2xb*x) ) ,x] -
Ixbx (I+c+d) *Int [x*E” (2%a+2xbxXx) / (I+c-d- (I+c+d) *E* (2xa+2xbxx) ) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[ (c-d)~2,-1]

2. J(e+fx)"'Ar‘cTan[c +dTanh[a+bx]] dx

1: J(e+-Fx)'"Ar'cTan[c+dTanh[a+bx]] dx whenmez* A (c-d)2=-1

Derivation: Integration by parts

Basis: If (c —d)2 = -1, then s,ArcTan[c +dTanh[a+bx]] = — cbwm
Rule:lf me z* A (c-d)? == -1, then
(e+-Fx)'"+1Ar‘cTan[c+dTanh[a+bx]] b (e+1=x)m+1
J(e+fx)mArcTan[c+dTanh[a+bx]]dlx — - J
f (m+1) f (m+1) c-d+ce2ar2bx

Program code:

Int[(e_.+f_.#x_)"m_.*ArcTan[c_.+d_.*Tanh[a_.+b_.*x_]],x_Symbol] :
(e+Ffxx) " (m+1) xArcTan [c+d«Tanh [a+bxx]]/(fx (m+1)) -
b/('F* (m+1) ) *Int [ (e+'F*X) 2 (m+1)/(c—d+C*E" (2*xa+2xbxx) ) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c-d)~2,-1]

Int[(e_.+f_.#x_)~m_.*ArcCot[c_.+d_.*Tanh[a_.+b_.+x_]],x_Symbol] :
(e+Fxx) " (m+1) xArcCot [c+dxTanh [a+bxx]]/(fx (m+1)) +
b/(f* (m+1) ) *Int [ (e+-F*x) n (m+1)/(c—d+c*E" (2*xa+2xbxx)) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c-d)~2,-1]

Int[(e_.+f_.#x_)~m_.xArcTan[c_.+d_.*Coth[a_.+b_.*x_]1,x_Symbol] :
(e+'F*X) A (m+1) *ArcTan[c+dxCoth [a+bxX] ]/('F* (m+1) ) -
b/ (fx (m+1) ) +Int[ (e+fxx)” (m+l) /(c-d-c+E” (2xa+2+bxx)) ,Xx]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c-d)~2,-1]
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Int[(e_.+f_.#x_)~m_.*ArcCot[c_.+d_.xCoth[a_.+b_.+x_]1,x_Symbol] :=
(e+f*x) A (m+1) *ArcCot [c+dxCoth[a+bxX] ]/('F* (m+1) ) +
b/ (fx (m+1) ) *»Int[ (e+fxx)” (m+l) /(c-d-c+E" (2%a+2+bxx)),Xx]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[ (c-d)~2,-1]

2: ~J.(e+-Fx)'"Ar'cTan[c+dTanh[a+bx]] dx whenmez* A (c-d)2#-1

Derivation: Integration by parts

2a+2bx

Basis: a,ArcTan[c + d Tanh[a + bx]] == - —ibd=cdie?™®*  _ibliscrdie

i-c+d+ (i-c-d) e?2+2bx f+c-d+ (i+c+d) @22+2bx

Rule:ifme z* A (c-d)? + -1, then

J(e+-Fx)"'Ar‘cTan[c+dTanh[a+bx]] dx —

)’"+1 2a+2bx

(e+fx

) m+1

e

2a+2bx

e ib(i+c+d
+ d ( )

(e+fx)"”1Ar'cTan[c+dTanh[a+bx]] ib (i-c-d) (e+fx
f (m+1) f (m+1) J

i-c+d+ (i-c-d) e?+2bx f(m+1)

Program code:

Int[(e_.+f_.#x_)"m_.*ArcTan[c_.+d_.xTanh[a_.+b_.*x_]],x_Symbol] :=
(e+Fxx) " (m+1) xArcTan [c+d«Tanh [a+bxx]]/(fx (m+1)) +
Ixbx (I—C—d)/(f* (m+1) ) *Int [ (e+f*x) A(m+1) *E~ (2%xa+2xbxx) / (I-c+d+ (I-c-d) *E” (2xa+2xb*X) ) ,X] -
Ixbx (I+C+d)/(f* (m+1) ) *Int [ (e+‘F*X) A(m+1) *E” (2%xa+2xbxx) / (I+c-d+ (I+c+d) *xE~ (2%a+2xbxX)) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c-d)~2,-1]

Int[(e_.+f_.#x_)~m_.*ArcCot[c_.+d_.xTanh[a_.+b_.*x_]],x_Symbol] :=
(e+Fxx)~ (m+1) xArcCot [c+dxTanh[a+bxx]]/(fx (m+1)) -
Ixbx (I—C—d)/(f* (m+1) ) *Int [ (e+'F*X) A(m+1) *E” (2%a+2xbxx) / (I-c+d+ (I-c-d) *E~ (2%a+2xbxX)) ,x] +
Ixbx (I+c+d)/(f* (m+1) ) *Int [ (e+‘F*x) A (m+1) *E” (2%xa+2xbxx) / (I+c-d+ (I+c+d) *E~ (2%a+2xbxX)) ,x] /5
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c-d)~2,-1]

J

i+c-d+ (L+c+d) e

2a+2bx

dx
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Int[(e_.+f_.#x_)~m_.xArcTan[c_.+d_.xCoth[a_.+b_.*x_]1,x_Symbol] :=
(e+f*x) A (m+1) *ArcTan[c+dxCoth [a+bxX] ]/('F* (m+1) ) -
Ixbx (I-c-d) /(fx (m+1) ) +Int[ (e+Fxx) " (M+1) xEA (2xa+2xbxX) / (I-c+d- (I-c-d) xE~ (24a+2xbxx) ) ,x] +
I*b*(I+c+d)/(f*(m+1))*Int[(e+f*x)A(m+1)*EA(Z*a+2*b*x)/(I+c—d—(I+c+d)*EA(Z*a+2*b*x)),x] /5
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c-d)~2,-1]

Int[(e_.+f_.*x_)"m_.*ArcCot[c_.+d_.xCoth[a_.+b_.xx_]],x_Symbol] :=
(e+'F*X) A (m+1) *ArcCot [c+dxCoth [a+bxX] ]/('F* (m+1) ) +
Ixbx (I-c-d) /(fx (m+1) ) +Int[ (e+Fxx) " (m+1) xEA (2xa+2xbxX) / (I-c+d- (I-c-d) xE~ (24a+2xbxx) ) ,X] -
Ixbx (I+C+d)/('F* (m+1) ) *Int [ (e+'F*X) A(m+1) *E” (2%xa+2xbxx) / (I+c-d- (I+c+d) *E~ (2%a+2xbxX)) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[ (c-d)~2,-1]

9. (v (a+bArcTan[u]) dx when uis free of inverse functions

1: JkrcTan[u]dx when u is free of inverse functions

Derivation: Integration by parts

Rule: If uis free of inverse functions, then

X O, U

JﬁrcTan[u]dx — xArcTan[u]—~J dx

1+ u?

Program code:

Int[ArcTan[u_],x_Symbol] :=

Xx*ArcTan[u] -

Int[simplifyIntegrand[x*D[u,x]/ (1+u"2),x],x] /;
InverseFunctionFreeQ[u,x]

Int[ArcCot[u_],x_Symbol] :=
x*xArcCot [u] +
Int[simplifyIntegrand[x*D[u,x]/ (1+u”2),x]1,x] /;

InverseFunctionFreeQ[u,Xx]
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Rules for integrands involving inverse tangents and cotangents

2: J(c +dx)™ (a+bArcTan[u]) dx when m# -1 A u is free of inverse functions

Derivation: Integration by parts

Rule: If m # -1 Auis free of inverse functions, then

(c +dx)™* (a+bArcTan[u]) b J~(c+dx)“"’16xud]
X

J(c+dx)'" (a+bArcTan[u]) dx — -
d (m+1) d(m+1)

1+u?

Program code:

Int[(c_.+d_.*x_)"m_.*(a_.+b_.*ArcTan[u_]) ,x_Symbol] :=
(c+d*x)~ (m+1) * (a+bxArcTan[u]) / (d* (m+1)) -
b/ (dx (m+1) ) »Int[SimplifyIntegrand[ (c+d+x)~ (m+1) D [u,x]/ (1+u*2),x1,x]| /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] && InverseFunctionFreeQ[u,x] && Not [FunctionO-FQ[ (c+d*x) ™ (m+1) ,u,Xx] ] && FalseQ[Power‘Var‘iableExpn [u,m+1,x] ]

Int[(c_.+d_.*x_)"m_.*(a_.+b_.*ArcCot[u_]),x_Symbol] :=
(c+d*x)~ (m+1) * (a+bxArcCot[u]) / (d*x (m+1)) +
b/ (dx (m+1) ) »Int[SimplifyIntegrand[ (c+d+X)~ (m+1) D [u,x]/ (1+u*2),x1,x]| /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] && InverseFunctionFreeQ[u,x] && Not[FunctionO-FQ[(c+d*x)"(m+1),u,x]] && FalseQ[PowerVar‘iableExpn[u,m+1,x]]
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Rules for integrands involving inverse tangents and cotangents 25

3: |v (a+bArcTan[u]) dx when uand JV dx are free of inverse functions

Derivation: Integration by parts

Rule: If u is free of inverse functions, let w == Jv dx, if wis free of inverse functions, then

WOy u

1+u?

J‘V (a+bArcTan[u]) dx — w (a+bArcTan[u]) - bj dx

Program code:

Int[v_x(a_.+b_.*ArcTan[u_]),x_Symbol] :=

With[{w=IntHide[v,x]},

Dist[ (a+b*ArcTan[u]) ,w,Xx] - b*Int[Simpli-FyIntegrand[w*D[u,x]/(1+u"2),x],x] /3
InverseFunctionFreeQ[w,x]] /;

FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]] && FalseQ[FunctionOfLinear[v*(a+b*Ar‘cTan[u]),

Int[v_=(a_.+b_.*ArcCot[u_]),x_Symbol] :=
With[{w=IntHide[v,x]},
Dist[ (a+bxArcCot[u]) ,w,Xx] + b*Int[Simpli-FyIntegr‘and[w*D[u,x]/(1+u"2),x],x] /38

InverseFunctionFreeQ[w,X] ] /5

FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]] && FalseQ[FunctionOfLinear‘[v*(a+b*Ar'cCot[u]),



Rules for integrands involving inverse tangents and cotangents

W

dx When6x3$x==0 AOx—=0

10: ArcTan[v] Log[w]
. f a+bx

Derivation: Algebraic expansion

Basis:ArcTan[z] = 2 Log[1-12z] - Log[l+1 z]

Rule: If Oy —%— =0 A Oy —%— == 9, then

a+bx a+bx
ArcTan[v] Log[w] i rLog[l-1iv] Log[w]
J. dx — —J dx -
a+bx 2

Log[1l+iVv] Log[w]
f dx
a+bx

N | B

a+bx

Program code:

Int[ArcTan[v_]*Log[w_]/(a_.+b_.*x_),x_Symbol] :=
I/2+Int[Log[1-Ixv]«Log[w]/ (a+bxx),x] - I/2xInt[Log[1l+Iv]xLog[w]/ (a+bxx),x] /3
FreeQ[{a,b},x] & LinearQ[v,x] && LinearQ[w,x] && EqQ[Simplify[D[v/ (a+bxx),x]],8] & EqQ[Simplify[D[w/(a+b*x),x]],0]
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Rules for integrands involving inverse tangents and cotangents

11. Ju ArcTan[v] Log[w] dx when v, wand fu dx are free of inverse functions

1: | ArcTan[v] Log[w] dx when vandw are free of inverse functions

Derivation: Integration by parts
Rule: If v and w are free of inverse functions, then

fAr‘cTan[v] Log[w] dx — XArcTan[v] Log[w] —j
1+ V2

Program code:

Int[ArcTan[v_]*Log[w_],x_Symbol] :=
XxArcTan[v] xLog[w] -
Int[SimplifyIntegrand [x+Log[w]+D[Vv,x]/ (1+v~2),x],x]| -
Int[simplifyIntegrand [x*ArcTan[v]«D[w,x]/w,x],x]| /;
InverseFunctionFreeQ[v,x] && InverseFunctionFreeQ[w,x]

Int[ArcCot[v_]=*Log[w_],x_Symbol] :=
X*ArcCot[v] xLog[w] +
Int[SimplifyIntegrand[x+Log[w]+D[Vv,x]/ (1+v"2),x],x]| -
Int[SimplifyIntegrand [x=ArcCot [v]D[w,x]/w,x],x] /;
InverseFunctionFreeQ[v,x] && InverseFunctionFreeQ[w,Xx]

X Log[w] OxV g

-

X ArcTan[v] oyw
— dx

w
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Rules for integrands involving inverse tangents and cotangents

2: Ju ArcTan[v] Log[w] dx when v, wand Ju dx are free of inverse functions

Derivation: Integration by parts
Rule: If v and w are free of inverse functions, let z == Ju dx, if z is free of inverse functions, then

z Log[w] OV zZ ArcTan[Vv] OxWw
Ju ArcTan[v] Log[w] dx — zArcTan[v] Log[w] - J— dx - J— dx

1+Vv? w

Program code:

Int[u_xArcTan[v_]*Log[w_],x_Symbol] :=
With[{z=IntHide[u,x]},
Dist[ArcTan[v] xLog[w],Z,X] -
Int[SimplifyIntegrand[z«Log[w]+D[Vv,x]/ (1+v~2),x],x]| -
Int[SimplifyIntegrand[z+ArcTan[v]+D[w,x]/w,x],x]| /;
InverseFunctionFreeQ[z,x] ] /5

InverseFunctionFreeQ[v,x] && InverseFunctionFreeQ[w,Xx]

Int[u_xArcCot[v_]*Log[w_],x_Symbol] :=
With[{z=IntHide[u,x]},
Dist[ArcCot[v] *Log[w],Z,X] +
Int[SimplifyIntegrand[z+Log[w]+D[Vv,x]/ (1+v~2),x],x]| -
Int[simplifyIntegrand[z+ArcCot[v]+D[w,x]/w,x],x]| /;
InverseFunctionFreeQ[z,Xx] ] /5

InverseFunctionFreeQ[v,x] && InverseFunctionFreeQ[w,Xx]



